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Abstract

In this paper, we extend and generalize some work by Edo and Vénéreau concerning the
question how to recognize coordinates over a commutative ring. More precisely, it is shown
that it is often sufficient to look at quotients and localizations of the given ring, for which the
question becomes more tractable.
© 2003 Elsevier B.V. All rights reserved.

MSC: 08A35; 13B25; 13F20

1. Introduction

Let 4 be a commutative ring. A polynomial f € A[x] := A[x),...,x,] is called a
coordinate in A[x] if there exist fo,...,f, €A[x] such that A[f, f,..., f,] = A[x].
Recognizing coordinates is one of the most important (and difficult) problems in the
study of polynomial automorphisms. In case n=2 and A4 a field this problem was solved
by various authors. See for example [4,5]. Studying coordinates over rings which are
not fields is much more complicated. For example the polynomial y + z2x +z)? is a
coordinate in A[x, y], where 4 := C[z]; in fact this polynomial is the second component
of the well-known Nagata automorphism [12]. Such coordinates were first investigated
by Nagata [12] and later by Drensky and Yu [7] and Edo and Vénéreau [8]. One
of the results of this last paper is the following: if @ is a non-zerodivisor in A4 and
g(y) € A[y], then za + g(y) is a coordinate in A[y,z] iff §(y) is a coordinate in A[y],
where A := A/Aa and § is obtained from g by reducing its coefficients modulo the ideal
Aa. This result was generalized by Vénéreau [14]. His result asserts the following: if
f(»,z) is a coordinate in A[y,z] and a a non-zerodivisor in 4 such that j_’ (»,0)is a
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coordinate in A[y] then f(y,az) is a coordinate in A[y,z] over 4. Indeed the result of
Edo and Vénéreau [8] mentioned earlier follows from this result by taking f=z+g¢g(y),
which is obviously a coordinate in A[y,z].

In this paper we study various extensions and generalizations of this result. First of
all, we show that the condition ‘a is non-zerodivisor in 4’ is superfluous (3.1). In fact,
the proof given can be readily extended to coordinate systems of co-length one (3.2
and 3.3).

In Section 4, we improve upon Vénéreaus theorem, in case 4 is a Q-algebra, by
showing the following: let a€ A4 be arbitrary and f € A[y,z]. If f is a coordinate
when considered in (4/4a)[y,z] and also when considered in A4,[y,z], then f is a
coordinate in A[y,z]. The proof uses a special result concerning polynomials in two
variables, namely the fact that f is a coordinate iff it is a so-called residual coordinate,
i.e. a coordinate considered in k,[y,z] for every prime ideal ¢ of 4, where k, is
the residue field 4,,/@A,. In order to generalize 4.1 to partial coordinate systems
of co-length one we give another proof of this result. A crucial ingredient in the
proof is the so-called determinant-one theorem (4.3). We would like to attract the
attention of the reader to this result in connection with the study of the Jacobian
Conjecture (see [9, Section 2.3]). Finally, in Section 5 we study conditions on the ring
A which guarantee that if p(y;, y2,z) is a coordinate in A[yy, y»,z] and p(yi, ¥2,0) is
a coordinate in A[yi, y»], where A4 := A/da, then also p(yi, y»,az) is a coordinate in
A[y1, y2,z], thereby generalizing some other results of Vénéreau [15].

2. Preliminaries

In this section, we collect some more or less well-known results concerning coordi-
nates and locally nilpotent derivations. Throughout this paper, 4 is a commutative ring
and A[x] := A[xy,...,x,] is the polynomial ring in »n variables over 4. Sometimes we
denote this ring by 4],

Definition 2.1. A set of n polynomials F1,...,F, in A[x] is called a coordinate system
of A[x] if A[Fy,...,F,] = A[x]. If 1 <k <n a sequence F1,...,F; of polynomials
is called a partial coordinate system if there exist Fy.1,...,F, such that A[F,...,F},
Fiiq,...,F,]=A[x]. If k=1 in this situation, F is called a coordinate in A[x] (over 4)
and if k=n—1 we say that F,...,F,_; is a partial coordinate system of co-length one.

Remark 2.2. Let / be an ideal contained in the nilradical of 4. Then it is well known
(see for example [9, Lemma 1.1.9]) that a polynomial map F = (F1,...,F,) € A[x]"
is invertible iff F is invertible over 4 := A/I. From this it follows that a sequence
(F1,...,Fr)eA[x]* (where 1 <k <n) is a partial coordinate system iff it is a par-
tial coordinate system over A. We will use these facts in this paper without further
reference.

Example 2.3. Let n =1 and write x instead of x;. Let f =ag + a;x + --- + a,x" for
some a; in A. Then f is a coordinate in A[x] iff ¢; is a unit in 4 and «; is nilpotent for
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each 7 > 2. This can be seen as follows. Suppose that f is a coordinate with inverse
g € A[x], say deg(f)=n, deg(g)=m. If 4 is a domain, then deg(x)=deg(g( f(x)))=nm,
therefore deg(f) = 1. Now let 4 be any ring. Since f is linear modulo every prime
ideal, the a; with i > 2 belong to every prime ideal, meaning that they are nilpotent.
Furthermore, detJ(f)(0) =a; € 4*. The converse is easy.

Now assume that 4 is a (D-algebra and consider the polynomial ring in two variables
x and y over 4, i.e. A[x, y]. For every prime ideal @ of 4 put k, := 4,,/@A,, (which
is isomorphic to the quotient field of 4/p).

For f €A[x,y] we denote the corresponding element of k[x, y] also by f. The
following result was proved in [3,10].

Theorem 2.4. Let A be a Q-algebra and f € A[x, y]. Then f is a coordinate in A[x, y]
iff f is a coordinate in ky|x, y] for all prime ideals @ of A.

Another important result which is an immediate consequence of the Abhyankar—-Moh
theorem (which holds for fields containing @) and Theorem 2.4 is

Corollary 2.5 (Generalized Abhyankar—-Moh theorem). Let 4 be a Q-algebra and
f €Alx,y]. Then the following statements are equivalent:

(1) Alx, ¥1/(f) =24 AN (isomorphism of A-algebras),

(2) f is a coordinate of A[x, y] (over A).

We will also need the following result concerning (in particular) coordinates in »
variables (for a proof see [6]). Recall that a ring 4 is called a Hermite ring if every
unimodular row in 4 (i.e. a row (ay,...,a,) with all a; € 4 such that Aa;+- - -+A4a,,=A4)
can be extended to an invertible matrix in GL,,(4).

Theorem 2.6. Let A be a Hermite ring and a domain, 1 <k <n—1 and hy,...,h a
partial coordinate system of Aw[x] for every maximal ideal m of A, then (hy,..., h)
is a partial coordinate system of A[x].

3. An extension of a result of Vénéreau

The aim of this section is to prove the following result and its corollaries.

Proposition 3.1. Let A be any ring and a€A arbitrary. Let (p(y,z), f(1,2)) €
Auty A[y,z]. If p(y,0) € Aut; A[y], where A := A/Aa, then p(y,az) is a coordinate in
Aly,z].

More precisely, if p(y,0)€ Aut; A[y] then there exist q(y) in A[y] and u(y,z),
v(y,z) in A[y,z] such that f(y,z) =q(p(y,z))+a -u(y,z) +z-v(y,z). Furthermore,
F = (p(y,az), f'(y.z)) € Auty A[ y,z], where f'(y,z) = u(y,az)+ zv(y,az).

Proof. (i) By the hypothesis on p(y,0) there exists g(y) € A[y] such that f(y,0) =
q(p(»,0))mod a, which implies the existence of u and v. Now take /' and F as in



168 J. Berson et al. | Journal of Pure and Applied Algebra 184 (2003) 165174

the proposition. We need to show that F' is invertible over 4. It is well known that
it suffices to show that for each prime ideal @ of A, F is invertible over A, where
A:=A/p (see for example [9, pp. 6, 7] or [13, 3.5.4]). Now we distinguish two cases:
acp and a € p.

(ii) Case a € . Then =0 in 4 and we have to prove that F' =(p(1,0), f'(1,z)) is
invertible over A. Since A[y]= A[p(y, 0)] there exists r(y) € A[y] with y=r(p(y,0)).
Therefore, F is invertible over 4 iff (7(y),z)oF = (y, f’(y,z)) (v u(y,0)+z0(y,0)) is
invertible over 4 iff (»,0) € 4*. Indeed, o(,0) € 4* since (p(»,2), f(y,z)) (p(y,2),
G(p(1,2)) + zi(y,z)) is invertible over A, which implies that (p(y,z),z8(y,z)) is in-
vertible over 4 and hence that zi(y,z) is irreducible over the domain 4. (Here we use
the fact that coordinates over a domain are irreducible, which is not true for general
rings.) Consequently #(y,0) is a unit in A.

(iii) Case a € ¢. Then A is a domain and @ # 0. So it suffices to prove our
proposition for the case that 4 is a domain and a # 0. Put d := detJ(p, f). Since
(p, f) € Aut  A[y,z] and 4 is a domain, it follows that d € 4* and that F(1 := (p(y,az),
f(y,az)) is invertible over Q(4) with detJF() = ad. So F® := (p(y,az), f(y,az) —
q(p(y,az))) is invertible over Q(4), also with detJF® = ad. Now observe that
F = (y,z/a) o F®. So F is invertible over O(4) and detJF = (1/a)ad = d € A*. Then
it follows from Lemma 1.1.8 in [9] that F is invertible over 4. [J

Now we show how this result can be extended to partial coordinate systems of
co-length one.

Corollary 3.2. Let y = (y1,...,¥x) and (p1(.2),..., pa(»,2), f) € Auty A[y,z]. If
(P1(3,0),..., pu(,0)) € Aut; A[y], where A= A/Aa, then (pi(y,az),..., pu(y,az)) is
a partial coordinate system of co-length one of Al y,z].

Proof. Just replace everywhere in the proof of 3.1 ‘y’ by (yi1,...,»,) and ‘p’ by
(p1s--spn). O

Corollary 3.3. Let y = (y1,...,ys) and (p1(,2),..., pa(,2), f) € Auty A[y,z]. Let
A =AJ/Aa. Then (p1(y,az),..., p.(y,az)) is a partial coordinate system of co-length

one of Aly,z] iff (p1(3,0),..., pa(,0)) € Aut; A[y].

Proof. The ‘if’-part is 3.2. Conversely, suppose that (p;(y,az),..., p,(y,az)) is a par-
tial coordinate system of A[y,z] of co-length one, say (p(y,az),h(y,z)) € Auty A[y,z].
Then modulo « it is also an automorphism of A[y,z] over 4. Let (¢1(,2),...,gn(3,2),
s(1,z)) be the inverse of (p(,0),A(y,z)) over A. Then y;= pi(g(1,z),0)=p:(g(1,0),0)
for all i. So (g1(3,0),...,9.(3,0)) € Aut; A[y] with inverse (p1(1,0),..., pn(»,0)) €
Aut;A[y]. O

4. Coordinates modulo and localized in an element

Throughout this section we assume that 4 is a (Q-algebra. We start by generalizing
3.1 in the case of two variables.
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Proposition 4.1. Let f € A[y,z] and ac€ A. If [ is a coordinate when considered in
Ay y,z] and also when considered in (A/Aa)[y,z], then f is a coordinate in A[y,z].

Proof. Let @ be a prime ideal of A. If a € g it follows that f is a coordinate in A/p
and hence in k,[y,z]. If a € ¢ the natural homomorphism 4, — A4, implies that f is
a coordinate in 4,[y,z] and hence in k,[y,z]. Then apply Theorem 2.4. [J

In order to generalize 4.1 to the case of a partial coordinate system of co-length,
one we will give another proof. However, the price we have to pay is that we have to
assume that a is a non-zerodivisor in 4. More precisely we have

Theorem 4.2. Let ac A be a non-zerodivisor. Let y = (y1,...,yn). If p(y,z) :
(p1(,2)y..., pu(,2)) is a partial coordinate system when considered over the ring
A, and also when considered over the ring A/Aa, then p(y,z) is a partial coordinate
system over A.

The proof of this result makes use of the following result which, as observed in the
introduction, is interesting in itself since it may be useful in the study of the Jacobian
Conjecture (see [9, Section 2.3]).

Theorem 4.3 (Determinant-one theorem). Let F € A[x]" be an invertible polynomial
map, where A[x] := A[x1,...,x,]. Then there exists s € A[x] such that (Fy,...,F,_1,s)
is invertible over A and detJ(F,,...,F,_1,s)=1.

Proof. Let d := detJF € A[x]*. So d(0) € A* and if 5 denotes the ideal generated by
the (finite set of) coefficients of d, except d(O), then it is an ideal contained in the
nilradical of 4 and there exists N € N with #V = 0. We will write 4 := 4/.

Let D be the A-derivation on A[x] defined by D(h) := detJ(Fy,...,F,_1,h) for all
heA[x]. Let P(O) = F, -d(0)"!, then (Fy,....F,_ I,P( )) is invertible over 4 and
D(P(()O)) = 1 mody. Because A[xl,..., ] —A[Fl,...,F,,,l,Pf)o)] = A" we can view
D as the partial derivative with respect to the polynomial variable 135)0) . Therefore, D
is surjective and for any multidegree o = (ocl, .., %,)E€N" we can find a P((xo) € A[x]
such that D(P(O)) = x*modn (where x* = x{"---x%). With induction, we will make
for all € N" and for all k€N* a P such that D(Pék)) = x*mod 1721[ and also
ng) = P&O) mod #. Namely, if we have this then we can choose k such that 2 > N,
which implies that nzk =(0) so D(Pf)k)) =1. Moreover (Fi,... ,Fn,l,ng)) is invertible,
because modulo # it is equal to (F 1,...,F,1,1,P(()0)), which is invertible because it has
this property modulo #, a part of the nilradical. Therefore s = P(()k) works.

It remains to show the induction. This is a generalization of Lemma 2.5 of [2].
Suppose for k€ N* we have for all a e N" a P& with D(Pék)) = x*mod nzk and
PP =P mod n. Write D(Pék)) =x*+ Zﬁ ca/gxﬁ, with ¢,p € nzk. We define

k+1) . k k
P = PP 3", P,
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then
D(PED)=D(PE) = " ey D(PP)

=x"+ Z C“Bxﬂ o Z Coy * (x‘/ + Z C}'éx(5>
[ . 5

= x“ _ Z Z Cy,yc'}vé.x(j = xo{ mOd ]’IzkH
7o

. . k
since ¢y, and ¢, are in n* .

Furthermore, by construction P&Hl) = P&k) = P;O) modn. [

Now we can give the proof of Theorem 4.2.

Proof. Since p(y,z) is a partial coordinate system of 4,[y,z] there exists H € 4,[y,z]
such that (p,H) € Auty, A,[y,z]. Using the determinant-one Theorem 4.3 we may as-
sume that detJ(p, H)=1. Now take m € N and choose H € A[y,z] such that H =a"H
(in A,4[y,z]). Then detJ(p,H) =a" €4} and (p,H) is invertible over 4,. Further-
more, p is a partial coordinate system modulo (a), but even modulo (¢”). Namely,
b := a+(a™) is an element of the nilradical of 4/(a™), and (4/(a™))/(b) = A/(a). Using
the determinant-one Theorem 4.3 there exists G € A[y,z] such that (p,G) is invertible
over A/(a™) and detJ(p, G) = 1 mod a”. Write 4 := A/(a™) and define the A-derivation
D on A[y,z] by D(h) :=detJ(py,..., pn,h). Then in A[x, y] we have D= 0/0G, using
Alyi,..., vzl = A[p1,..., Pn, G]. Therefore we have ker(D) = A[py,..., pnl.

We have D(H) = det(J(p,H)) = a" = 0, so Hcker(D), so there is an
REA [y1,...,y,] with H=R(p), say H=R(p)+a"Q(y,z) for some O(y,z) € A[y,z].
It will turn out that (p, Q) € Aut, A[y,z]. Namely, over 4, we have (p,H)=(p,R(p)+
a” Q) is invertible, so (p,a™Q) is invertible, and therefore (p, Q) also and detJ(p, Q)=
a "detJ(p,H)=1. Because (p,0)€A[y,z], A C A, we know by Lemma 1.1.8 of
[9] that (p, Q)€ AutyA[y,z]. O

In Theorem 4.2 we suppose that a is not a zerodivisor. The theorem is easy to prove
when a is nilpotent.

Conjecture 4.4. The result of 4.2 holds even when a is a zerodivisor.

The difficulty when a is a zerodivisor is, that 4 no longer is a subring of 4,, which
is needed in the proof of 4.2.

5. Coordinates in three (or more) variables

Now one may wonder if 3.1 can be generalized to three or more variables, i.e. one
considers the following question. Let n > 2, a€ 4 and 4 := A/Aa. If p is a coordinate
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in A[y1,..., Vn,z] such that p(y,..., y,,0) is a coordinate in fi[yl,...,y,,], does it then
follow that p(yi,..., s, az) is a coordinate in A[yi,..., Yn,z]?
In general the answer is no.

Example 5.1. Let 4 := R[4, B, C]/I, with I := (4% + B*> 4+ C? — 1), the coordinate ring
of the 2-sphere in R3. Define a := A+1, b:=B+1, c¢:= C+I. Let p:=ay +by, +z.
Then p is a coordinate in A[y, y»,z]. Writing 4 = A4/(c), p(y1,12,0) is a coordinate
in A[y1,y2], whose mate is —by; + @y,. On the other hand, it is well known that
p(V1, ya,cz)=ay; +by,+cz is not a coordinate in A[yi, y2,z] (see [11, Theorem 11]).
However one can prove that p is a 1-stable coordinate, i.e. a coordinate in a polynomial
ring with one extra variable added. More precisely, we have Proposition 5.3. To make
the statement of this proposition fully clear, we need the following definition.

Definition 5.2. For £ € N*, a polynomial f € A[x] := A[x1,...,x,] is called a k-stable
coordinate in Alxi,...,x,] if for some new variables y := (y1,..., ), f €A[x,y] is
a coordinate.

Proposition 5.3. Let A be any ring, a a non-zerodivisor in A and A := A/da. Let

p(yl,...,yn,z)_be a coordinate in A[y,z] := A[yi,..-s Yn.2l- If p(V1,--, ¥0,0) is a
coordinate in A[y], then p(yi,...,yn,az) is an (n — 1)-stable coordinate in A[y,z].

Proof. We can choose f;€A[y,z] and g; € A[y] such that (p, f2,..., fur1) € Auty
Aly,z] and (ﬁ(y,O),g'z,...,g_n)eAut/;/I[y]. Let n be the nilradical of 4. We only
need to prove that p(y,az) is an (n — 1)-stable coordinate over A4/n. Using the ob-
vious map A/Aa — (A/n)/(A/n)(a + n) we see that the assumptions are true mod-
ulo 7, so we may assume that 4 is reduced. Now we have A[y,z]* = 4*. Write
FO = (p,f)EAut, A[y,z] and dy := detJF) € 4*. Then FP := (p, f) o (y,az) =
(p(y,az), f(y,az)) € Auty, A,[y,z] with detJF® =d, - a.
Write w = (wa,...,w,) (a w; for every g;) and
HD = (F®,w) = (p(y,az), f(y,az),w) € Auty, A[y,2,w].
Then detJH") = dya. Write

H® =HD o (y,z,aw + (1))

=(p(»,az), f(y,az),aw + g(y)) € Auty, As[y,2,w],
then detJH®) = doa - "~ = doa”. )
Because (p(y,0),7) € Aut; A[y] (remember 4 =A/Aa) we can choose h; € A[y], for
i=2,....,n+ 1, such that
hi(p(»,0),9(»)) = fi(y,0)mod (a),
)

hl(p(ya ClZ), aw + g(y)) = f.i(ya aZ)mOd (a)a
so we can define polynomials in 4[y,z,w]:

/’Nli(y,Z,W) = [fl(y’ az) - h,(p(y, az), aw + g(y))] GA[y)Za W]

1
a
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Then
H® = (p(y,az), h(y,z,w),aw + g(»)) € Auty, A,[y,2,w]

is an automorphism over 4, and detJH®) = dya"/a" = dy € A*. By construction H®) €
Endy4 A[y,z,w]. Since a is a non-zerodivisor in 4 we have 4 C A,. Therefore by lemma
L.1.8 of [9] H® € Auty A[y,z,w]. O

Remark 5.4. 1t is not difficult to extend 5.3 to the case that s < n and p=(p1,..., ps)
is a partial coordinate system. The conclusion is that p(y,az) is an (n—s)-stable partial
coordinate system.

Under some special conditions on the ring 4 we can generalize 3.1 to the case of a
coordinate of co-length 2 instead of co-length 1. The following result is a generalization
of Theorem 8.7 of [15], where the case 4 =CJx] is proved. First we need a definition:
if 4 is a discrete valuation ring with maximal ideal (¢), then a subfield k£ of 4 is called
a field of representatives of A if the natural homomorphism 4 — A/(¢) restricts to an
isomorphism k->A4/(¢). The main result we prove is

Theorem 5.5. Let A be a Q-algebra and a Dedekind domain such that for each
maximal ideal m of A the discrete valuation ring Ay, has a field of representatives.
Let ac A, p(yi1,y2,z) a coordinate in A[y1, y2,z] and A := AJ/Aa. If p(y1, 2,0) is a
coordinate in A[yy, y2], then p(y1,y»,az) is a coordinate in A[yi, y»,z].

Proof. Since A4 is a Dedekind domain it is noetherian of dimension one. So by Theorem
V.3.2 in [1] 4 is Hermite, which by Theorem 2.6 implies that in order to show that
p(y1,y2,az) is a coordinate in A[yy, y»,z] it suffices to prove that p(yi, ys,az) is a
coordinate in A4y,, for each maximal ideal m of 4. Since all assumptions of our theorem
are true when considered over 4,,, we may assume that 4 is a discrete valuation ring
with maximal ideal (¢). By our hypothesis we may assume additionally that 4 contains
a field of representatives. Then the statement follows from the next Proposition 5.6
and Theorem 5.7. [

Another definition: if R is a ring and p(y1,y2,z) €R[y1, y2,z], we call p a z-
coordinate if it is a coordinate in the polynomial ring R[z][y1, y2] in two variables
over R[z].

Proposition 5.6. Let A be any ring, t a non-zerodivisor of A and suppose there is
a subring R of A such that the restriction ¢:R — A — A/(t) is an isomorphism.
Let p(y1,y2,2z) be a coordinate in A[yy, y2,z] and write A=A4/1). If p(y1,y2,2) is
a z-coordinate in A[z1[y1, y21, then p(yy, y2,t°z) is a coordinate in A[y\, y»,z] for all
keN.

Proof. We are going to use induction on k. Suppose we know the proposition for k=1,
then p(y1, y2,tz) is a coordinate. Modulo (¢), we have p(yi, y2,%z)= p(y1, ¥2,0). This
is a z-coordinate, which can be seen using the fact that p(y;, y»,z) is a z-coordinate.
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Namely, call its mate g(y, y»,z), then there is an r € A[z][y;, y»] with

Y11= f(p(yl’yzaz)!q(yl’yZ’Z)) = f(ﬁ(yl»yZ:O)»q-(yla yZ»O))

The last equation follows by substituting z := 0 on both sides. In the same way, we
can make y,. So p(y1, »2,0) is a z-coordinate over A/(t).

Therefore, we may add another ¢ in p(yi, y2,#z) (applying the proposition for k=1),
so p(yy, y2,t2z) is a coordinate. Repeating this we conclude that p(yi, y»,t%z) is a
coordinate for each k£ € N. The remaining case therefore is k = 1.

Let o€ Auty A[y1, y2,2] with a(y1) = p(y1, y2,2z). Let ¢ be the isomorphism R —
A — A. We extend ¢ to the isomorphism ¢:R[y1,y2,z]:ni[y1,y2,z].

The Greek letters will be treated as ring homomorphisms in the compositions. Let

oy == ¢~ 'ag € Autg R[y1, v2,2] C Auty A[y1, y2,2].

We also have a z-automorphism S of A[yi, y»,z] of which p(yi,ys,z) is the first
component. Let

Bo = ¢~ ' B € Autg R[y1, y2,2] C Auty A[y1, y2,2].
Using ¢(y1) = y1, we have

ao(y1) = ¢~ (AP(y1)) = ¢ (P(r1.y2.2)) = ¢~ (B(P(31)) = Bo(1):
) ao_l(/)’o(yl)) = y1. Now define
y=0oo oco_l o fo € Auty A[ y1, 2,21

Then y(y1) = a(y1) = p(y1,¥2,2) and (z) = a(ey '(z)) =z, since &= dy. Say y(z) =
z+t- h(y]>y29z)‘

Define o = (y1, y2,1z) € Auty, A;[y1, y2,z]. Because ¢ is not a zerodivisor, we have
A C 4;. Then aya~'(y1) = p(y1, y2.12), 695~ (y2) = 67(y2) €A[y1, y2.2] and

1 1
oo\ @ =07 (3) = o) = o+ 1 h(y1,12.2)

1
= ;(tZ + th(ylsyzatz) =z+ h(ylsyZatZ)GA[ylayZaZ]s

so actually oyc~ ! €Endy Aly1, y2,z]. Furthermore, detJy(0)eA*, detJo =t and
detJo=! = 1/t, so detJ(ays=")(0) = 1/t - detJy(c—'(0)) - t = detJp(0) € 4*. Now we
apply Lemma 1.1.8 of [9] to see that ¢yo—' is an invertible map over 4 with first
component p(yy, ¥z, tz). [

To conclude this paper and the proof of 5.5, we show

Theorem 5.7. Let R be a Q-algebra and p(y, y2,z) € R[y1, y2,z]. Suppose
R[y1, v2,21/(p(31, ¥2,2)) =2 RP), then the following statements are equivalent:
(1) p(y1,12,0) is a coordinate in R[y1, y,],

(ii) R[y1, 32)/(p(y152,0) = R,

(iii) p(y1,2,z) is a z-coordinate.
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Proof. Implication (i) = (ii) is easy to see. For (iii) = (i) see the beginning of the
proof of 5.6. It remains to prove (ii) = (iii). By the hypothesis on p there exists an
isomorphism

¢ :R[z, y1, »21/(p(1, y2.2)) = R
and therefore we have

Rz y1, »21/(p(31. ¥2,2).2) = R p(2).
Using the given isomorphism in assumption (ii) in the last
RPY(2) = RIz, y1, »2)/(p(31, ¥2,2),2) = RIy1, 121/ (p(31, 2, 0)) = R,

Now we use the extra assumption @ C 4 in applying 2.5 and we see that ¢(z) is a
coordinate in R[?!, so there is an automorphism of RI>) = R[z, T'] that sends ¢(z) to z.
Combining this with ¢ we get an isomorphism

w:R[ZaylayZ]/(p(ylayz’Z))gR[%T]7 l/1(2)22
or, writing A = R[z], we have
Aly1, v2)/(p(31, y2,2)) = A[T],
so using 2.5 again, we see that p(yy, y2,z) is a z-coordinate over R. [

(a2l

, we get
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